Legendre was the first to state the law of quadratic reciprocity in the form that we know it and he was able to prove it in some but not all cases, with the first complete proof being given by Gauss. In this paper we trace the evolution of Legendre's work on quadratic reciprocity in his four great works on number theory.
As is well known, Adrien-Marie Legendre (1752-1833) was the first to state the law of quadratic reciprocity in the form that we know it (though an equivalent result had earlier been conjectured by Euler), and he was able to prove it in some but not all cases, with the first complete proof being given by Gauss [3] . In this paper we trace the evolution of Legendre's work on quadratic reciprocity in his four great works [10, 11, 12, 13] on number theory. These works span a 45 year period in Legendre's life, dating from 1785, 1797, 1808, and 1830 respectively.
Before beginning with our analysis here, we call the reader's attention to several other relevant works. [15] overlaps with our work here, though it has a somewhat different focus. [2] is a brief survey, and [14] is an extended treatment of the early history of reciprocity laws. A highly readable account of the development of number theory around this era can be found in [9] , which has excerpts from original works of Euler, Legendre, Gauss, and others, translated into English.
In this paper, we will use Legendre's language to the extent possible. In particular, we will not use the terms quadratic residue/nonresidue or the notion of congruence in the body of this article, as these were never used by Legendre. We begin with Legendre's 1785 paper [10] . In Article I of that paper he proves a result due originally to Euler: Theorem A. Let c be an odd prime and let d be any integer not divisible by c. We follow Legendre's notation throughout this paper and let a and A be distinct primes of the form 4x + 1 and b and B be distinct primes of the form 4x − 1 (or 4x + 3; Legendre used both but preferred 4x − 1).
In Article IV he rewrites the above conclusions as (−d) (c−1)/2 = 1 or (−d) (c−1)/2 = −1, with the convention here, as he explicitly states elsewhere, that this is true "omitting multiples of c." With this convention he then states the following 8 theorems:
Note that Theorems I and II are equivalent (being contrapositives of each other) as are Theorems III and IV, and Theorems V and VI, leaving five essentially different cases. Legendre makes this observation in the course of his proofs.
Legendre then proceeds to (attempt to) prove these theorems. As he observes, he is successful in unconditionally proving Theorems I, II, and VII, but for the remaining cases his proof is conditional on an auxiliary hypothesis that he cannot prove. We state this as Hypothesis A below. His key tool in these (partial) proofs is the following result of his from Article III: Theorem B. Let r, s, and t be squarefree, pairwise relatively prime positive integers. Then the equation rx 2 + sy 2 = tz 2 has a nonzero solution in integers if and only if there are integers λ, µ, and ν such that
Note in particular that in this theorem r, s, and t are not required to be prime. However, in his (partial) proofs of Theorems I-VIII he uses only the cases where r, s, and t are primes or are equal to 1. Now we come to Legendre's 1797 book [11] . In this work we see two major changes from his previous work.
To see this, first suppose that −d is a quadratic residue (mod c), and let x be an integer with x 2 ≡ −d (mod c). Then x 2 + d1 2 ≡ 0 (mod c). Conversely, if x 2 + dy 2 ≡ 0 (mod c), let y be an integer with yy ≡ 1 (mod c).
The first change is the introduction of what we now call the Legendre symbol m n . Here n is a prime and m is an arbitrary integer not divisible by n. From Theorem A he knows that m (n−1)/2 leaves a remainder of ±1 when divided by n, and then he sets m n = 1 or −1 as this remainder is 1 or −1. Legendre occasionally uses this symbol when n = 1 as well, in which case he sets m n = 1 for every nonzero integer m.
In the opinion of the author, this is more than a notational convenience. In introducing this notion, Legendre reifies this concept, and makes it into an object of independent study. This line of thought later led to the Jacobi symbol and the Hilbert symbol.
The second change is the introduction of the term "reciprocity." We have in this work [11, par. (164) ], a paragraph entitled:
Théorême contenant une loi de réciprocité qui existe entre deux nombres premiers quelconques (Theorem containing a law of reciprocity that exists between two arbitrary prime numbers). 
Again, in the opinion of the author, this general heading reflects not only an appreciation of the importance of this overall result, but a conception of it as a single result (rather than a collection of eight results), and a conception of it as reflecting a relationship between distinct odd primes.
Legendre begins his proof by observing that, in case r, s, and t are primes or are equal to 1, the conditions in Theorem B can be restated in terms of the Legendre symbol:
He then proceeds to develop the properties of the Legendre symbol. From his definition he immediately derives In order to prove reciprocity he must divide the proof into the same eight cases as he did in 1785. (We warn the reader who wishes to consult the works of Legendre that he changes the numbering of these eight cases from 1785 to 1797, leaves it alone from 1797 to 1808, but changes it again from 1808 to 1830. In this paper we use the 1785 numbering throughout.) His proof is essentially (with one exception, noted below) the same as that in 1785, with some simplification due to the use of the Legendre symbol. He uses the same auxiliary hypothesis, Hypothesis A, as in 1785, which we now state (we have delayed stating it until now as it is much easier to state using the Legendre symbol). The only essential difference between the proofs in 1785 and 1797 is that in 1797 Legendre gives two proofs of cases I and II, the first of which is the same as his 1785 proof. Now we come to Legendre's 1808 book [12] . First we see that Legendre has isolated the multiplicativity of the Legendre symbol as an important property and instead of proving it inter alia as part of the proof of reciprocity, he proves this property in [12, par. (135) ], the paragraph in which he first introduces the Legendre symbol.
The major difference, however, is that Legendre has changed his proof of reciprocity. His proof here of cases I and II is the same as his second proof of these cases in 1797. As for the remaining cases, he has a new approach, based on his earlier results on the possibility of solving the equations M x 2 −N y 2 = ±1 for M and N primes. Using these results, he treats cases VII and VIII together, establishing them unconditionally. As for the remaining cases, his proof depends on a different auxiliary hypothesis, Hypothesis B, than he had previously used. His auxiliary hypothesis here is:
Hypothesis B. For any a, there exists b with a b = −1. Of course, by this time Gauss had proved the law of quadratic reciprocity in general. Gauss gave two proofs in [3] and a third in [4] . (The author admits to not being able to read Latin, and he consulted [3, 4, 5, 6] in the German translation [7] .) In [12, par. (381)], Legendre gives Gauss's third proof as well.
In Legendre's two-volume 1830 book [13] we again find his attempt to prove quadratic reciprocity. Here his proof is the same as in 1808, with the same dependence on Hypothesis B in some of the cases. He again gives Gauss's third proof, but he also gives a proof in [13, par. (679) ] that is a modification of a proof due to Jacobi [8] . Jacobi's proof is in part a simplification of Gauss's sixth proof [6] . Jacobi begins with what we now call the Gauss sum P = It is a celebrated theorem of Gauss [5] that the sign is always positive, and in that work Gauss used this fact to provide his fourth proof of quadratic reciprocity. Jacobi used the value of P . Legendre modified Jacobi's proof to use only the value of P 2 so that the difficult sign question could be bypassed. In fact, the observation that quadratic reciprocity can be proved using only the value of P 2 and not the value of P goes back to Gauss in his sixth proof [6] . Legendre describes the proof he gives as the simplest of all known proofs of quadratic reciprocity.
Legendre realized full well that his own two proofs of quadratic reciprocity were incomplete. The change from his 1785/1797 proof to his 1808/1830 proof enabled him to prove an additional case of reciprocity unconditionally. But this new proof also involved a change of the auxiliary hypothesis on which the proof of the remaining cases depended. Evidently, since he replaced Hypothesis A by Hypothesis B in his later works, he regarded that as progress. In 1808 in [12, par. (169) In fact, Legendre's earlier Hypothesis A is a consequence of Dirichlet's theorem on primes in an arithmetic progression, although, in the author's opinion, this is certainly overkill. Ironically, there is no known proof of his Hypothesis B that does not use quadratic reciprocity. Thus, what seemed to him to be an advance seems to us nowadays to be a step backwards. (This has been observed earlier; see for example [14, 15] . ) We now turn to the "supplements" to the law of quadratic reciprocity. The first of these is that (c) An odd prime c is of the form y 2 − 2z 2 if and only if c is of the form 8x + 1 or 8x + 7.
Legendre credits the discovery of all parts of this theorem to Fermat, with the first proofs of parts (a) and (b) due to Euler and the first proof of (c) due to Lagrange. This derivation of the value of although in those works Legendre investigates the equations M x 2 − N y 2 = ±2, and some but not all cases of 2 c follow more simply from those investigations, as he notes. (The derivation of the value of 2 c was much simplified by Gauss. In [3] he proves this in an elementary way and in [4] he gives a second proof, using "Gauss's lemma," as part of his third proof of reciprocity. Both of these proofs were well known in the 19th century, appearing in the famous textbook [1] , written by Dirichlet but with revisions and supplements due to Dedekind, which gave (a slight reformulation of) Gauss's third proof of reciprocity as well. But only the last of these proofs is well known today, when it has become the standard proof of the value of 2 c .) We have concentrated here on Legendre's work, but we would like to make a few more historical remarks. We have mentioned that Euler stated a conjecture equivalent to the law of quadratic reciprocity (though it takes a bit of work to see that), but Euler's statement seems not to have had any influence on either Legendre or Gauss. Euler coined the terms quadratic residue and nonresidue, which were not used by Legendre but were used by Gauss. Legendre coined the term quadratic reciprocity, but this was never used by Gauss, who always referred to this result as the "fundamental theorem (in the theory of quadratic residues)," nor did Gauss ever use the Legendre symbol in any of his works on the subject.
In the introduction to [3] Gauss writes that his work there had been done without knowledge of prior results in the subject. He also writes there that in the meanwhile, the "excellent" work [11] of the "highly deserving" Legendre appeared, but that he did not rewrite [3] to take it into account, only adding a few additional remarks in the Appendix. He makes some historical remarks in [3, par. (151)] immediately after he proves the fundamental theorem, in which he comments on the efforts of Euler and Legendre. In particular, Gauss credits Legendre for having arrived at that theorem in [10] , without having been able to completely prove it (as Legendre himself admitted there), and then claims (quite fairly, in the opinion of the author) that his is the first proof.
In the first paragraph of [4] Gauss writes that in number theory it is often easy to inductively arrive at results whose proofs lie very deep, or even which defy proof. In the second paragraph of that work Gauss credits Legendre with being the first to discover the fundamental theorem, although he could not prove it, but that he himself arrived at it independently in 1795 and was able to prove it only after a year's effort.
Legendre evidently felt that Gauss never gave him due credit for the law of quadratic reciprocity, nor for the discovery of the method of least squares, which they both arrived at as well. See [16] for a bitter commentary that Legendre wrote about Gauss. To quote excerpts from [16] , in the translation given there, ". . . the author [Legendre] spoke of his method of least squares: it is enough to recall that he published it for the first time, in 1805 . . . However, as a very celebrated geometer [Gauss] has not hesitated to appropriate this method to himself in a work printed in 1809 . . . In addition, we would have willingly spoken of the episode of 1809 as of a totally new and different kind, if we had not found that in 1801 the same geometer made another attempt of this type, in a way this earlier behavior was even more imperfect . . ." While we may feel that there is enough glory in the development of number theory to go around, that feeling was apparently not shared by all the protagonists.
Finally, one may ask why Legendre continued to include his own incomplete proof of the law of quadratic reciprocity in [12] and [13] . While this question cannot be definitively answered without reading Legendre's mind, the author speculates that there were two reasons. First, Legendre hoped that a (simple) proof of his auxiliary hypothesis would be found, thus vindicating his approach, and second, to have omitted his proof would have been to weaken his claim of priority for this theorem, and that is something he was certainly most unwilling to do.
